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QUILLEN TYPE BUNDLES AND GEOMETRIC QUANTIZATION
OF VORTEX MODULI SPACES ON KA¨HLER SURFACES
RUKMINI DEY*, SAIBAL GANGULI**
Abstract. In this paper we show that on projective manifolds (M,ω), there
are holomorphic determinant bundles (in the sense of Bismut, Gillet, Soule´)
which play the role of the geometric quantum bundle, namely one for each
input data of a holomorphic line bundle L of non-trivial Chern class on a
compact Ka¨hler manifold Z with Todd genus non-zero and a geometric quan-
tization of (M,ω). We give several explicit examples of this phenomenon. For
instance, the moduli space of the usual vortex equations on a projective Ka¨hler
4-manifold is shown to be projective, using the Quillen bundle construction,
under some mild conditions. Next we generalize Manton’s treatment of five
vortex equations on a Riemann surface, namely, we define them on Ka¨hler 4-
manifolds. One of the cases has been well studied by Bradlow. We show that
when the Ka¨hler 4-manifold is projective then the regular part of the moduli
space is a Ka¨hler manifold and admit a pull back of a Quillen bundle as the
quantum line bundle, i.e. the curvature is proportional to the Ka¨hler form.
Thus they can be quantized geometrically.
Mathematics Subject Classification (MSC2010) : mathematical physics ( 81V99),
differential geometry (58A32).
1. Introduction
Given a symplectic manifold (M,ω) with ω integral (i.e. its cohomology class is in
the image ofH2(M,Z)→ H2(M,R)), geometric prequantization is the construction
of a Hermitian line bundle with a connection (called the prequantum line bundle)
whose curvature ρ is proportional to the symplectic form ω. This is always possible
as long as ω is integral. This method of quantization, developed by Kostant and
Souriau, assigns to functions f ∈ C∞(M), an operator, fˆ = −i∇Xf + f acting
on the Hilbert space of square integrable sections of L (the wave functions). Here
∇ = d− iθ where locally ω = dθ and Xf is defined by ω(Xf , ·) = −df(·). We have
taken ~ = 1. The general reference for this is Woodhouse [36].
This assignment has the property that that the Poisson bracket (induced by the
symplectic form), namely, {f1, f2}PB corresponds to an operator proportional to
the commutator [fˆ1, fˆ2] for any two functions f1, f2.
The Hilbert space of prequantization is usually too huge for most purposes.
Geometric quantization involves construction of a polarization of the symplectic
manifold such that we now take polarized sections of the line bundle, yielding
a finite dimensional Hilbert space in most cases. However, fˆ does not map the
polarized Hilbert space to the polarized Hilbert space in general. Thus only a few
observables from the set of all f ∈ C∞(M) are quantizable.
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When M is a compact Ka¨hler manifold with ω an integral Ka¨hler form and L
the prequantum line bundle, one can take as the Hilbert space of quantization the
space of holomorphic sections of L⊗µ for µ ∈ Z large enough. See [36] for example
for an explanation.
Quillen bundle was originally constructed as the determinant line bundle of a
family of Cauchy-Riemann operators on the space of connections on certain vector
bundles on a compact Riemann surface [31]. There are many generalizations which
can be found for instance in Bismut and Freed, [5] and in Bismut, Gillet, Soule´ [2].
In the notation of Bismut, Gillet, Soule´ [2], one can take B to be the moduli
space of connections of a vector bundle on a compact Riemann surface Σ, Z to be
Σ and M to be the trivial product M = Z ×B. Define the determinant of a family
of Cauchy-Riemann operators on Σ parametrized by B, the space of connections.
This yields a Quillen bundle in the definition according to [31].
We will denote a bundle as Quillen type if the bundle or its appropriate power
is a Quillen bundle in the sense of Quillen [31] or Bismut and Freed [5] or Bismut,
Gillet, Soule´ [2].
Let (X,ω) with ω integral symplectic (or Ka¨hler) form have a prequantum (quan-
tum) bundle L.
Let (X,ω) be a compact integral Ka¨hler manifold such that L is a holomorphic
line bundle whose curvature is proportional to the Ka¨hler form ω. Let L⊗µ be the
quantum line bundle for any µ ≥ µ0 ∈ Z
+. It is a positive line bundle for some µ0.
Let the Hilbert space of quantization be the space of holomorphic sections of L⊗µ.
It should be noted that since the X is compact square integrability of holomorphic
sections follows automatically.
An interesting question is whether this bundle L can be thought of as a bundle
of Quillen type.
In [13], Dey and Mathai had shown that one can realize a certain tensor product
of L as a Quillen bundle, i.e. determinant of a family of Cauchy-Riemann operators
on CP 1, parametrized by X . Even when (X,ω) is just compact and symplectic,
with integral symplectic form, Gromov embedding theorem enables us to embed
X into CPN and we have shown in [13] that the quantum bundle is again of
Quillen type, i.e. determinant of a family of Cauchy-Riemann operators on CP 1,
parametrized by X .
In [7], Biswas proved an equivariant version of the results in [13] where the
Cauchy-Riemann operators can be on any compact Riemann surface (not necessar-
ily CP 1).
In [9], [10], [14] Dey and in [18] Romao and Eriksson have constructed Quillen
bundles on the moduli space of vortices on a Riemann surface.
In [11], [12] Dey has constructed Quillen bundles on the moduli space of Higgs
bundles for the three Ka¨hler forms mentioned in the paper by Hitchin [24] which
constitute a hyperKa¨hler structure.
Donaldson and Kronheimer have given an exposition of the Quillen construction
over the moduli space of ASD connections on a Riemann surface, see for instance
(6.5.4) in [16].
Motivated by these examples, in this paper we have shown that on projective
manifolds M , the geometric quantum bundle can be realized in many ways as a
Quillen bundle in the sense of Bismut, Gillet, Soule´, namely one for each input data
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of a hermitian holomorphic line bundle L on a compact Ka¨hler manifold Z and a
geometric quantization of (M,ω).
We give one more example of this phenomenon where the quantum bundle is
realized as a pullback of a Quillen bundle. In [29] Manton had defined five vortex
equations on a Riemann surface for certain values of two parameters C and C0.
When defined on a Ka¨hler surface (X,ω), Bradlow [3] has shown the existence
of solutions for (C,C0) = (−1,−1) under certain conditions. In fact in this case,
the moduli space is compact, as it can be described as a Seiberg -Witten moduli
space. (see Appendix1). In our paper, we show that in fact the regular part of the
moduli space is Ka¨hler. Let the Ka¨hler form be Ω (say). Moreover, if the Poincare´
dual to ω (the Ka¨hler form of the Ka¨hler surface) has a representative which is a
Riemann surface (one dimensional complex submanifold), then there is a pullback
of a Quillen bundle on the regular part of the moduli space whose curvature is
proportional to Ω (provided a mild obstruction is bypassed). As an application we
show that for projective 4- manifolds, the vortex moduli space is projective ( if the
moduli space is smooth or regular).
In Appendix (1) we recall that there is a connection with Seiberg-Witten moduli
space and the vortex moduli space for compact Ka¨hler 4-manifolds, as showed by
Bradlow and Garcia-Prada [6]. In Appendix (2) we give some details of the descent
of the Quillen bundle from the configuration space to the vortex moduli space over
a Riemann surface and the curvature form.
2. Quantum bundle as a Quillen bundle
We begin by mentioning a well known result namely, for Z a Riemann surface
andM = A , the space of unitary connections on a vector bundle E on the Riemann
surface, the the three constructions, namely the one of Bismut and Freed [5] and
Bismut, Gillet and Soule´, [2] and the one of Quillen [31], matches. For instance
in Quillen’s case, the family of ∂¯ operators is parametrized by Y = Z ×A where Z
is a Riemann surface and A is the space of unitary connections of a vector bundle
E on Z. The ∂¯A acts on sections of the vector bundle E for A ∈ A.
We give a following definition:
Definition 2.1. A bundle is of Quillen type if it is a Quillen bundle or its appropiate
power is a Quillen bundle.
We recall
Definition 2.2. A holomorphic line bundle equipped with a connection and Her-
mitian metric on a compact Ka¨hler manifold with integral Ka¨hler form is called
quantum line bundle if the curvature of the line bundle (w.r.t. the connection) is
proportional to the Ka¨hler form with the appropriate proportionality constant. In
this case the Hilbert space consists of square integrable holomorphic sections. In
the symplectic case it is only a prequantum bundle (since there maynot exist a
complex structure on the manifold and no holomorphic polarization).
We have the following theorem:
Theorem 2.1. If M is complex projective (i.e. a compact Ka¨hler manifold with
integral Ka¨hler form). Then the quantum bundle, or its appropriate power, positive
or negative, is holomorphically equivalent to a Quillen bundle ( modulo tensoring
with a flat bundle) one for each choice of a compact Ka¨hler manifold Z with non-zero
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Todd genus and having a holomorphic bundle L with nontrivial Chern class. If M
is a compact symplectic manifold with integral symplectic form then the equivalence
of the quantum bundle with a Quillen bundle (modulo a flat bundle) is topological
(as there may not be any complex structure on M).
Proof. Let L be a quantum line bundle on M .
Let Z be a compact Ka¨hler manifold with Todd genus 6= 0 with a holomorphic
line bundle L on it with non-trivial Chern class.
Let Y = Z ×M . Let L be a quantum line bundle on M and L a holomorphic
line bundle on Z. Then define ζ = p1
∗(L)⊗ p2
∗(L). Let Q be the Quillen bundle
according to Bismut, Gillet, Soule´ [2] corresponding to ζ.
According to Bismut, Gillet and Soule´, the Quillen curvature Qζ of Q is given
by the degree two term of 2ipi
∫
Z
Td(−R
Z
2ipi )Tr[exp(
Ωζ
2ipi )] where R
Z is the curvature
of T 0,1Z and Ωζ is the curvature of the holomorphic Hermitian connection on ζ.
Note that Ωζ = KL + KL where KL and KL are the curvatures of L and L.
In our case RZ and KL are absorbed in the integral leaving only an appropriate
constant multiple of KL as the degree two part of the above expression. Thus
Quillen curvatureQζ is thus proportional to KL with an appropriate proportionality
constant. Suppose the constant is strictly positive. In this case the Quillen bundle
is proportional to an appropriate tensor power of L modulo tensoring with a flat
bundle. If the constant is strictly negative, the Quillen bundle is proportional to
an appropriate tensor power of L−1.
This proportionality constant may be zero. Then Qζ cannot be the curvature
to a quantum bundle or its tensor product since symplectic forms on compact
manifolds have non trivial cohomology. In this case since the Chern class of our
line bundle L is on Z is of non trivial and Z has non-zero Todd genus, replacing
L with L⊗n for an appropriate n in the above expression, we will get a non-zero
constant. This can be seen as follows. The constant of proportionailty looks like∫
Z
(Td) + nd1 +n
2d2 + ... (a terminating polynomial) where di are constants. Here
Td denotes Td(−R
Z
2ipi ) 6= 0. We get a non-identically zero polynomial in n. Since a
polynomial has finite numer of zeros there will be some n for which the constant is
non zero.
This implies that the Quillen bundle and appropriate powers (positive or nega-
tive) of the quantum ample bundle differ by atmost a holomorphic flat bundle.

Remark 2.2. Since we are interested only in geometric quantization this flat bundle
can be overlooked since it does not contribute to the curvature.
We had shown an instance of this above theorem forM being the abelian vortex
moduli space on a Riemann surface, Dey, [9], [10].
Manton defined five vortex equations on a Riemann surface, [29]. We redefine
them on compact Ka¨hler 4-manifolds. New explicit instances of the above theorem
emerge with the Quillen bundle replaced by Quillen type bundles on moduli spaces
of one of the five vortex moduli spaces where the equations are now defined on a
Ka¨hler 4-manifold.
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3. Vortex equations on a Riemann surface, Quillen bundle and
curvature
We review some material from [9], [10], [14].
On a Riemann surface M the abelian vortex equation are given by
∂¯Aφ = 0, (1)
FA =
1
2
(τ − |φ|
2
)ω. (2)
where φ is defined as a smooth section of an hermitian holomorphic line bundle
L and A is the unitary connection of the principal bundle P associated to L. The
form ω is a Ka¨hler form on M and τ a real constant.
3.1. The symplectic form. Let A be the space of all unitary connections on P
the associated principal bundle of the vortex bundle L and Γ(M,L) be sections of
L. We define the configuration space as C = A×Γ(M,L). Let p = (A,Ψ) ∈ C, X =
(α1, β), Y = (α2, η) ∈ TpC. We define the following L
2-metric on C.
G(X,Y ) =
∫
M
∗α1 ∧ α2 + i
∫
M
(
βη¯ + β¯η
2
)ω (3)
and an almost complex structure I = (∗, i) on TpC where ∗dz1 = −idz1 and ∗dz¯1 =
idz¯1.
We define
Ω(X,Y ) = −
∫
M
α1 ∧ α2 −
1
2
∫
M
(βη¯ − β¯η)ω (4)
such that G(IX, Y ) = Ω(X,Y ).
Let ζ ∈ Maps(M, u(1)) be an element of the Lie algebra of the gauge group.
Note that ζ¯ = −ζ. It generates a vector field Xζ on C as follows:
Xζ(A, φ) = (dζ,−ζφ) ∈ TpC, (5)
where p = (A, φ) ∈ C. We show next that Xζ is Hamiltonian. Namely, define
Hζ : C → C as follows:
Hζ(p) =
∫
M
ζ.(F (A) −
1
2
(τ − |φ|
2
)ω) (6)
Then for X = (α, β) ∈ TpC),
dHζ(X) = −
∫
M
dζ ∧ α−
1
2
∫
M
β¯(−ζ)φ − β(ζ)φ¯)ω (7)
dHζ(X) = Ω(Xζ , X) (8)
Thus we can define the moment map µ : C → Ω2(M, u(n)) = g∗ (the dual of the
Lie algebra of the gauge group) to be
µ(A, φ) = F (A)−
1
2
(τ − |φ|
2
)ω (9)
By Kahler reduction, this form descends to the moduli space, giving it a Kahler
structure. In fact it is related to the Manton-Nasir form [30].
6 RUKMINI DEY*, SAIBAL GANGULI**
3.2. The modified Quillen metric and curvature. In [30], it was discussed
that the Manton-Nasir-Samols form on the vortex moduli space is integral when
the Riemann surface has volume an integral multiple of 4pi
τ
.
Let det(∂¯) denote the Quillen bundle defined on A as in [31]. Let pr : C =
A×Γ(L)→ A. We denote the Quillen bundle P = pr∗(det(∂¯)) which is well defined
on C = A× Γ(L) which is an affine space. It is a contractible space and hence the
bundle is trivial and has a norm-1 section. We can equip P a modified Quillen
metric, namely, we multiply the Quillen metric e−
ζ′
A
(0)
2 by the factor e−
i
4pi
∫
M
|Ψ|2Hω,
where recall ζA(s) is the zeta-function corresponding to the Laplacian of the ∂¯A
operator.
The Quillen metric contributes− i2pi
(∫
Σ α1 ∧ α2
)
to the curvature, and the factor
e−
i
4pi
∫
M
|Ψ|2Hω contributes i2pi
(
− 12
∫
Σ
(βη¯ − β¯η)ω
)
to the curvature. (See Appendix
2 for more details).
Thus we have the following:
The curvature of P with the modified Quillen metric is indeed proportional to
i
2piΩ on the affine space C.
One can show that if the Quillen line bundle with modified Quillen metric de-
scends to the moduli space of vortices then indeed its curvature is proportional to
i
2piΩ where Ω here is the descendent of the symplectic form on the affine space.
In Appendix 2, we elaborate the fact that under the integrality condition on Ω
the Quillen bundle P on the configuation space descends to the moduli space.
Let ΩMN be the Manton-Nasir form as defined in [30].
It can be shown that [ Ω2pi ] = [ΩMN ].
Therefore the condition that the bundle descends (i.e. Ω is integral on the moduli
space) is that the Riemann surface has volume A an integral multiple of 4pi
τ
. This
is because
[
Ω
2pi
] = [ΩMN ] = (
τA
2
− 2piN)η + 2pi(σ1 + . . .+ σn) (10)
where A is the volume of the Riemann surface Σ and σ′is and η are integral coho-
mological classes of the moduli space (defined in [30]).
4. Generalizations of above theory to the moduli space of vortices on a
Ka¨hler surface
For Ka¨hler sufaces X(i.e. compact Ka¨hler 4 real dimensional manifolds) vortex
equations are as follows [3].
∂¯Aφ = 0 (11)
ΛFA =
i
2
(|φ|2 − τ) (12)
FA
0,2 = 0 (13)
where ΛFA is the contraction of F (A) with a suitable Ka¨hler form ω (i.e. the
symplectic form on the real tangent space) where FA is the curvature of a line
bundle L on X with connection A, φ is a section.
Let the configuration space be C = A × Γ(L), where A is the affine space of
unitary connections on L and Γ(L) is the space of sections of L.
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4.1. The moduli space as a Ka¨hler manifold. Let A be the space of U(1)-
connections on P the associated bundle of a line bundle L. This is an affine space
modelled on Ω1(P ×Ad u(1)). We define a complex structure IA on A as follows.
Given any A ∈ A , the tangent space TAA can be canonically identified with
Ω1(P ×Ad u(1)) = Ω
0(T ∗(X)⊗P ×Ad u(1)). Then we set IA = −I
∗ ⊗ 1, where I is
the complex structure of the tangent bundle which it inherits since the manifold is
complex. The complex structure IA is integrable. We also define on A a symplectic
form ωA . Let Λ : Ω
p,q(X) → Ωp−1,q−1(X) be the adjoint of the map given
by wedging with ω which is also equal to the contraction with ω with respect to
Ka¨hler metric . Then, if A ∈ A and α, β ∈ TAA = Ω
1(P ×Ad u(1)), we set
ωA(α1, α2) = −
∫
X
Λ(B(α1, α2))
ω ∧ ω
2
. (14)
Here B : Ω1(P ×Ad u(1)) ⊗ Ω
1(P ×Ad u(1)) → Ω
2(X) is the combination of the
usual wedge product with a bi-invariant nondegenerate pairing <>, on u(1). Since
u(1) is one dimensional we can consider B as wedge of imaginary one forms.
It turns out that ωA is a symplectic form on A , and it is compatible with the
complex structure IA . Hence A is a Ka¨hler manifold. Let X1 = (α1, β) and
X2 = (α2, η) are in T(A,φ)C.
On C we define
ΩX(X1, X2) = −
∫
X
Λ(B(α1, α2))
ω ∧ ω
2
+
i
2
∫
X
(βη¯ − β¯η)
ω ∧ ω
2
. (15)
where ω is now a real Ka¨hler form. The form ΩX is the Ka¨hler form with respect
to the following Ka¨hler metric.
g(X1, X2) =
∫
M
∗α1 ∧ α2 ∧ ω +
∫
M
(
βη¯ + β¯η
2
)
ω ∧ ω
2
(16)
where ∗ defined in preceding section. There exists a moment map for the action of
GU(1) on A , which takes the following form (see for example [16], [26]):
µ : A→ LieG∗
U(1)
A→ Λ(FA) .
Here FA denotes the curvature of A. It lies in Ω
2(P ×Ad u(1)), so Λ(FA) ∈
Ω0(P ×Ad u(1))) ⊂ Ω
0(P ×Ad u(1)))
∗, the last inclusion being given by the integral
on X of the pairing <>, on u(1).
Let µ(A, φ) = ΛFA −
i
2 (|φ|
2
− τ)
Proposition 4.1. a) µ = µ(A, φ) above is a moment map for the action of the
gauge group on C.
b) By Ka¨hler reduction ΩX descends to the moduli space of the vortex equations
as a Ka¨hler form.
Proof. (a) follows by the same arguments as in the Riemann surface case.
(b) Since the moduli is same as the Seiberg-Witten moduli by Appendix, the
regular part of the moduli is Ka¨hler with Ka¨hler form ΩX by corollary 4.2 Becker [1].

4.2. Quillen bundle construction on the moduli space. The construction is
similar to Donaldson’s construction of the Quillen bundle on the moduli space of
ASD connections on a Ka¨hler surface [16], section (6.5.4).
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Let A ∈ A. Let us restrict the connection A to the Poincare´ dual S of the Ka¨
hler form ω on X . Let the restricted connection be denoted by AR and the space
of restricted connection be deonted by AR.
Let us consider the first term of the symplectic form. For the Ka¨hler surface the
symplectic form ΩA is from (14)
ΩA(α1, α2) = −
∫
X
(Λ(B(α1, α2))
ω ∧ ω
2
. (17)
Λ is the contraction with respect to the Ka¨hler form ω and B is wedging of α1 and
α2. So we get
ΩA(α1, α2) = −
∫
X
α1 ∧ α2 ∧ ω. (18)
Recall the closed Ka¨hler form ω belongs to a cohomology class [ω] and thus there
exists a homology class D which is the Poincare´ dual of the cohomology class [ω].
If we take submanifold representative of D, say S, we have∫
X
(α1 ∧ α2) ∧ ω. =
∫
S
α1 ∧ α2 = −ΩR(α1, α2) (19)
for α1 ∧ α2 closed, where we denote ΩR(α1, α2) = −
∫
S
α1 ∧ α2
Let the Poincare dual of ω be S.
Theorem 4.2. If S is a Riemann surface i.e. it is a complex one dimensional
submanifold of the Ka¨hler surface X, then we have a pullback Quillen bundle with
a metric on the vortex configuration space. Its curvature form is cohomologus to
the standard Ka¨hler form on the configuration space (with the appropriate propor-
tionality factor) and their difference is given by the differential of a gauge invariant
one form. Moreover if this bundle descends to the vortex moduli space, its curvature
with respect to a certain connection will be proportional to the Ka¨hler form obtained
by the moment map reduction of the Ka¨hler form to the regular part of the vortex
moduli space.
Proof. We assume S is connected, though the proof goes through otherwise as
well. We observe the restriction of forms on X will give a map from A to AR the
connection space of the Riemann surface S. We can pullback the Quillen bundle
over AR with curvature ΩR(α1, α1) = −
∫
S
α1 ∧ α2 to a holomorphic bundle( since
S is a Riemann surface by the above assumption). We claim that the pullback of
this bundle descends on A/G with curvature proportional to
−
∫
X
(α1 ∧ α2) ∧ ω = ΩA(α1, α2) (20)
To see the statement above (20) consider as in [16], section (6.5.4), the current
associated with S which is
TS(θ) =
∫
S
θ (21)
The condition that S be Poincare´ dual to ω implies that there is a singular 1-form
φ on X satisfying the distributional equation
ω = TS − dφ (22)
That is for any 2-form θ, ∫
S
θ −
∫
X
θ ∧ ω =
∫
X
dθ ∧ φ (23)
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Then we define the one form Φ on A by
Φ(a) =
∫
X
Tr(FA ∧ a) ∧ φ. (24)
It can be checked as in [16]
ΩA(α1, α2) = i
∗(ΩR)(α1, α2) + d(Φ)(α1, α2) (25)
From the above equation since Φ and d(Φ) is gauge invariant we get the statement
above (20). (Here i is the restriction map).
On C = A × Γ(L) we defined the Ka¨hler form which can now be written as
ΩX(X1, X2) = −
∫
X
α1 ∧ α2 ∧ ω +
i
2
∫
X
(βη¯ − β¯η)ω∧ω2 . where X1 = (α1, β) and
X2 = (α2, η) as before. By proposition 4.1 the regular part of the moduli space is
Ka¨hler with Ka¨hler form the descendant of the above form ΩX .
The Quillen bundle is the standard Quillen bundle on the Riemann surface,
namely det(∂¯AR) on the Riemann surface configuration space . The pullback bundle
induced by the restriction map with metric e−ζ
′
AR
(0) is modified with the factor
e
i
4pi
∫
X
|φ|2 ω∧ω2 as in the Riemann surface case [10].
The conditions for descent of the line bundle will be discussed in the next subsec-
tion. If this line bundle descends as in the Riemann surface case, the cohomology
of the curvature is proportional to the cohomology of the descendant of of ΩX by
(25).

4.3. Integrality. Let X1 = (α1, β) and X2 = (α2, η) be tangent to the configura-
tion space. The form ΩX given by
ΩX(X1, X2) = −
∫
X
α1 ∧ α2 ∧ ω +
i
2
∫
X
(βη¯ − β¯η)
ω ∧ ω
2
(26)
on the Ka¨hler surface configuration and the solution subspaces. It may not descend
to an integral form on the moduli space. Same holds for corresponding form ΩS
for the moduli space in the the Riemann surface case. Derving their result from
the Samol’s metric, Manton and Nasir gave a cohomological description of 12pi times
form on the vortex moduli space for a Riemann surface(see equation 3.1 and 4.8
[34] and equation 2.14 and 2.16[30]).The cohomology class of 12pi times the form as
in [18] is
[
ΩS(A)
2pi
] = (
τA
2
− 2piN)η + 2pi(σ1 + . . .+ σn) (27)
where A is the area of the Riemann surface S and σ′is and η are integral cohomo-
logical classes of the moduli space (defined in [30]). From equation (27) it is clear
ΩS(A)
4pi2 is integral if
τA
4pi = n where n is an integer.
Taking the form ω1 = kω where k = n
4pi
τA
we get an integral Ka¨hler form on the
moduli space for the Riemann surface. Using ω1 instead of ω we get an ample line
bundle on moduli space of vortices on the Riemann surface S.
We first define Ψ, a holomorphic map between the vortex moduli spaceMX for
the Ka¨hler surface X and the vortex moduli space MS for the Riemann surface S
(with vortex equation with τ large enough such the moduli space is non-empty [3]).
The pullback of the holomorphic line bundle by Ψ will be a holomorphic line bundle
on the moduli space of vortices for the Ka¨hler surface and we will show the pullback
form defining the first Chern class is cohomologus to ΩX (ω1)4pi2k where ΩX(ω1) is the
form ΩX with ω replaced by ω1.
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Obstructions O(1) and O(2): Let the vortex line bundle and the Poincare´
dual S to ω be such that a non-identically-zero holomorphic section does not vanish
entirely on S or a component of S when S is disconnected, i.e. the Chern class of
the vortex line bundle is such that the Poincare´ dual does not contain a component
of S. If this condition is not satisfied it is called obstruction O(1).
When every representative of the Poincare´ dual to ω is not a complex submanifold
of X , we call it obstruction O(2).
Lemma 4.3. When O(2) is not satisfied, there is an holomorphic map Ψ between
the vortex moduli space MX for the Ka¨hler surface X and the vortex moduli space
MS for the Riemann surface S.
Proof. Here we again assume S is connected. Let us define Ψ : MX → MS by
Ψ([A, φ)] = [AR, φR] where R denotes restriction to S.
Orbits map to orbits: If two elements (A, φ) and (A1, φ1) are related by gauge
transformations in the Ka¨hler surface configuration space then their restrictions
on the Riemann surface configuration space will be related by restriction of gauge
transformations. Thus the map Ψ is well-defined.
Map between the moduli spaces: From a close inspection of [3] one can see the
moduli of solutionsMX is given by effective divisors. For an effective divisor in the
Ka¨hler surface X we can take a holomorphic section and holomorphic structure as a
representative. Its restriction on the Riemann surface S (which is a one dimensional
complex submanifold) will define a divisor on the Riemann surface. This coincides
with the map Ψ between between moduli spaces which we defined in the first line.
Holomorphicity of the map Ψ: The map between the configuration spaces is
holomorphic as the Riemann surface S is a complex one dimensional submanifold of
X . Due to the commutativity of gauge transformation with the complex structures
on the configuration spaces we have that Ψ is holomorphic. 
Since we chose k = n 4pi
τA
( where n an integer and A area of S induced by ω),
the Ka¨hler form
ΩS(Aω1 )
4pi2 on the ( moduli space is integral ( Aω1 is the the area of S
with volume form ω1 = kω) and hence its cohomology class will be a Chern class of
a holomorphic line bundle L and so its pullback by Ψ to the Ka¨hler surface moduli
space MX will be a holomorphic line bundle Ψ
∗(L).
Lemma 4.4. The cohomology class of the form ΩX (ω1)2pik is the Chern class of Ψ
∗(L).
Proof. The Chern class of the bundle Ψ∗(L) is the cohomology class of the pull
back of
ΩS(Aω1 )
4pi2 . The form in the configuration space level is given by
ΩS(Aω1)
4pi2
=
−
∫
S
α1 ∧ α2 + i
∫
S
(βη¯ − β¯η)ω12
4pi2
(28)
From (25) we get the first integrand of the numerator of the right hand side of
(28) is cohomologus to 1
k
times first integrand of ΩX(ω1). The second term of (28)
is
∫
S
(iβη¯−iβ¯η)
ω1
2
4pi2 is the differential of the form Ψφ(η) = −
i
∫
S
ηφ¯ω1
4pi2 . Similarly it can
be shown the form representing the second term of the ΩX (ω1)4pi2k is exact. Both cases
the one forms are gauge invariant. So the difference of the two forms Ψ∗(
ΩS(Aω1 )
4pi2 )
andΩX(ω1)4pi2k descend to exact forms making them cohomologus. 
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4.4. Projectivity of moduli space. Bradlow’s argument in [3] does not include
φ = 0 case. When a holomorphic section on Ka¨hler surface X is entirely zero on
the Riemann surface S our argument fails. This case can be avoided by taking line
bundles whose Chern classes are such that the Poincare´ dual does not contain S.
The above theory can be generalized to S having more than one connected
components. In that case the obstruction to getting a holomorphic bundle on the
regular part the whole moduli space is existence of sections whose zero sets contain
a component of S.
By [6], (see Appendix1) , the moduli spaceMX of vortex equations on a Ka¨hler
surface X is compact (as it is the Seiberg-Witten moduli space with β = 0) . On
the other hand, we proved that the regular moduli space MX that has a Ka¨hler
form ΩX , which is integral under the the condition that the obstructions O(1) and
O(2) can be avoided.
Under this condition, there is a Quillen line bundle whose curvature is propor-
tional to ΩX .(ΩX is a cohomologus to constant times
ΩX (ω1)
4pi2k and from the above
lemma ΩX(ω1)4pi2k cohomology represents the Chern class of Ψ
∗(L) where L is a Quillen
bundle).Thus we have a quantization by Quillen bundle of the vortex Ka¨hler surface
moduli.
Below we give a large class of manifolds for which the obstructions can be
avoided. We mention the following proposition which follows also from Bradlow’s
work [3]. The main result in Bradlow’s paper implies that the moduli space can
be interpreted as a Hilbert scheme of hypersurfaces in the base (Khler, projective)
manifold of a fixed degree (the degree of the line bundle). That such a Hilbert
scheme is projective is a well-known fact (Grothendieck’s EGA or FGA). This ob-
servation is due to N. Romao [33].
We mention this proposition as it follows easily from the results of this section
without going into the theory of Hilbert schemes.
Proposition 4.5. Let X be a projective Ka¨hler surface with Ka¨hler form ω. Then
the moduli space M of vortex equations on X is projective if the moduli is smooth.
Proof. When the manifold X is projective the Ka¨hler form ω is proportional to the
curvature of a holomorphic line bundle L. The zero set of a non-zero holomorphic
section of L transverse to the zero section is homologous to the Poincare´ dual
S of the cohomology of the Ka¨hler form ω. We can always get such transverse
section when the bundle is very ample. When the bundle is very ample there are
holomorphic sections which are transverse and so the zero sets are smooth. The
sections can also be chosen such that zero set is an irreducible divisor. The above
claims follow from Bertini theorem.
From the above theorem the regular part of the vortex moduli space of a vortex
line bundle will have an integral Ka¨hler form as curvature of a line bundle L if
condition (A) below is satisfied. Then since the moduli space is compact and by
the smoothness assumption in the proposition it will be projective.
Condition (A) is that zero sets of the sections of the vortex line bundle do not
contain any connected component of some represebtative of the P.D. of the Kahler
form.
To prove that condition (A) is automatically satisfied in our case, take the vortex
line bundle L
′
which has a degree which we get by integrating the Chern class
wedged with ω. Now by taking higher powers say p of L we can get very ample
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line bundles whose degree is greater than the degree of L′. This means H0(X,L
′
⊗
L−p) = 0. So to get holomorphic sections of L
′
which contain a component of the
zero set of a holomorphic section s of Lp, the divisor (s) should decompose as a
sum of irreducible divisors Vi’s of lower degree which intersect at singular points.
Since Lp is very ample it has a transverse holomorphic section s such that the zero
divisor (s) is smooth and irreducible. So (s) cannot be decomposed non trivially
and hence the obstruction can be avoided by taking the Ka¨hler form to be pω and
S the zero set of the section s.
Since condition (A) is satisfied, and hence the moduli space of vortices MX
for the form pω is projective(due to smoothness assumption). This moduli will be
nonempty if the moduli of vortices MX for the form ω is nonempty by Theorem
4.3 [3]. Notice that the moduli space of vortices for the pω form is the space of
divisors of the bundle L
′
. Since changing the Ka¨hler form from ω to pω does not
affect the complex or holomorphic structure, the moduli space of vortices for ω is
biholomorphic with the moduli space of vortices for pω(both being effective divisors
of line bundle L
′
). So if one is projective other is so.

Corollary 4.6. The vortex moduli space on the Ka¨hler surface is projective if
the moduli space is smooth and there exists a closed surface surface S which is a
complex one dimensional submanifold whose homology class is the Poincare´ dual
of the cohomology class of the Ka¨hler form and none of the representatives of the
Poincare´ dual of the Chern class of the vortex line bundle contain a component of
S.
5. The five vortex equations
In [29], Manton generalized the vortex equations on a Riemann surface in the
following way. Let L be a Hermtian line bundle on a Riemann surface Σ. Let the
metric be given by ds20 = Ω0(dx
2
1 + dx
2
2) where (x1, x2) are local coordinates on Σ.
He represents the connection by a real local 1-form a = a1dx1 + a2dx2 and denote
f = da. Let f12 = ∂1a2 − ∂2a1.
Let φ be a section of L and Dj = ∂j − iaj, the components of the covariant
derivative. Then the five vortex equations are
1
Ω0
f12 = −C0 + C|φ|
2 (29)
(D1 + iD2)φ = 0, (30)
Letting the constants C0 and C taking values 1, 0,−1 he found four of them did
not have any solutions. The rest of them were five in number: the Taubes vor-
tices (C,C0) = (−1,−1), Bradlow vortices (C,C0) = (0,−1), Jackiw-Pi vortices
(C,C0) = (1, 0), Popov vortices (C,C0) = (1, 1) and (C,C0) = (1,−1).
We generalize these equations to a Ka¨hler surfaceX in the following way (written
in terms of complex coordinates following Bradlow’s convention):
∂¯Aφ = 0, (31)
Λ(FA) =
i
2
(B0 −B|φ|
2
) (32)
FA
0,2 = 0 (33)
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Here the five cases correspond to (B,B0) = (−1,−1), (B,B0) = (0,−1) (see
Bradlow [3] for solutions), (B,B0) = (1, 1), (B,B0) = (1, 0) and (B,B0) = (1,−1).
It was shown by Bradlow [3] that for (B,B0) = (−1,−1), under some conditions,
the moduli space of solutions to (32) and (31) are non-empty and compact.
We prove the following:
Theorem 5.1. For the case (B,B0) = (−1,−1), the regular part of the vortex
moduli space has a Ka¨hler form ΩX and if the Ka¨hler surface (X,ω) is such that
the Poincare´ dual of the Ka¨hler form ω is a Riemann surface(one dimensional
complex submanifold) and if obstruction O(1) is avoided, then the regular part of
the moduli space has a Quillen line bundle on it whose curvature proportional to the
Ka¨hler form ΩX and the latter is proportional to an integral form. Thus they can
be geometrically quantized. In particular, if X is projective, and the moduli space
is smooth it is also projective.
Proof. The vortex (B,B0) = (−1,−1) are special cases of the vortices described in
previous section (see equation (11)). So by proposition 4.1 we have the regular part
the moduli space is Ka¨hler with Ka¨hler form ΩX defined in the previous section.
If S, the Poincare´ dual of the Ka¨hler form ω of the Ka¨hler surface X , is a
Riemann surface and avoids obstruction O(1) then the Quillen construction carries
through. If X is projective, as we proved earlier, we have a Quillen bundle on
the regular part of the moduli. The curvature of the Quillen bundle has curvature
proportional to the Ka¨hler form and hence the latter is proportional to an integral
form. Thus we are in the framework of geometric quantization. The moduli space
if smooth is also projective since it is compact. 
6. Appendix1 : The Vortex and the Seiberg-Witten correspondence
In this section we briefly review the Seiberg-Witten equations for the Ka¨hler
surface and the analysis of these equations in this case. This section closely follows
Bradlow and Garcia-Prada, [6] .
In [6], Bradlow and Garcia-Prada wrote the Seiberg-Witten equations as
∂¯
Aˆ
φ+ ∂¯∗
Aˆ
β = 0 (34)
ΛFA = i(|φ|
2
− |β|
2
) (35)
FA
2,0 = −φ¯β (36)
FA
0,2 = β¯φ (37)
where notation is as in [6], i.e. (φ, β) is a section of the S+L bundle, A is connection
on L and Aˆ is the induced connection on Lˆ and ΛFA is the contraction of the
curvature with the K a¨hler form ω. It is not difficult to see ([37]) that the solutions
to these equations are such that either β = 0 or φ = 0, and it is not possible to
have irreducible solutions of both types simultaneously for a fixed Spinc -structure.
We thus have one of the following two situations:
(i) β = 0 and the equations reduce to
F 0,2A = 0
∂
Aˆ
φ = 0
ΛFA = i|φ|
2
and similar equations for
(ii) φ = 0, i.e.
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FA
0,2 = 0
∂
Aˆ
∗
β = 0
ΛFA = i|β|
2
.
Remark 6.1. . We have omitted the equation F 2,0A = 0, since by unitarity of the
connection this is equivalent to F 0,2A = 0.
The Hodge star operator interchanges these two cases, and we can thus concen-
trate on case β = 0. Equations are essentially the equations known as the vortex
equations. These have been extensively studied (e.g. in [3], [4], [20], [21] ) for
compact Ka¨hler manifolds of arbitrary dimension. The equations are the following:
Let (X,ω) be a compact Ka¨hler manifold of arbitrary dimension, and let (L, h) be
a Hermitian C∞ line bundle over X . Let τ ∈ R. The τ -vortex equations
F 0,2A = 0
∂
Aˆ
φ = 0
ΛFA =
i
2 (|φ|
2 − τ)
are equations for a pair (A, φ) consisting of a connection on (L, h) and a smooth
section of L. The first equation means that A defines a holomorphic structure on L,
while the second says that φ must be holomorphic with respect to this holomorphic
structure.
Let s be the scalar curvature of X , the Bradlow and Garcia-Prada [6] obtain
that the Sieberg witten equations are equivalent to
F
Aˆ
0,2 = 0
∂
Aˆ
φ = 0
ΛF
Aˆ
= i2 (|φ|
2
+ s)
These are the vortex equations on Lˆ, but with the parameter τ replaced by minus
the scalar curvature. One can perturb the above equations by −s+ f , when β = 0,
equations reduce to the constant function vortex equations (see e.g. [22]).
7. Appendix 2 :The descent of the Quillen line bundle from the
configuration space to the vortex moduli space on a Riemann surface
and the curvature form
The descent of the Quillen bundle:
Let C = A× Γ(M,L) as defined earlier.
Let D = ∂¯ + A(0,1) and let P = detD be the Quillen bundle on C, i.e. the fiber
over (A,Ψ) is detD.
Dg = g(∂¯ +A
(0,1))g−1 (the gauge transformed operator), then the gauge trans-
formed Laplacian of D, namely ∆g, is g∆g
−1. Thus there is an isomorphism of
eigenspaces, namely, s→ gs.
Let Ka(∆) be the direct sum of eigenspaces of the operator ∆ of eigenvalues
< a, over the open subset Ua = {(A,Ψ)|a /∈ Spec∆} of the affine space C. The
determinant line bundle is defined using the exact sequence
0→ KerD → Ka(∆)→ D(Ka(∆))→ CokerD → 0
Thus one identifies
∧top(KerD)∗ ⊗ ∧top(CokerD)
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with ∧top(Ka(∆))∗ ⊗∧top(D(Ka(∆))) (see [31], [5] for more details) and there is
an isomorphism of the fibers as D Dg. Therefore one can identify
∧top(Ka(∆))∗ ⊗ ∧top(D(Ka(∆))) ≡ ∧top(Ka(∆g))
∗ ⊗ ∧top(D(Ka(∆g))).
Let Uag = g ·U
a where Uag is the open set formed out of gauge transformation of
Ua, namely, Uag = {Ag, |a /∈ Spec(g∆g
−1)}. But Ag ∈ U
a
g imples a /∈ Spec(∆) and
thus Ag ∈ U
a. Hence Ua ⊂ Uag . Similarly, U
a
g ⊂ U
a. Thus Ua = Uag .
Let G denote the gauge group/ On [A,Ψ] ∈ Ua/G one defines the equivalence
class of the fiber of the line bundle P where
∧top(Ka(∆))∗ ⊗ ∧top(D(Ka(∆))) ∧top (Ka(∆g))
∗ ⊗ ∧top(D(Ka(∆g))).
Similarly for U b/G, (notation for U b is as in [5]). Thus the line bundle is
well defined for Ua/G and U b/G individually. Let V a = M∩ (Ua/G) and V b =
M∩(U b/G). Then the line bundle P descends to V a and V b individually. Now since
Ω is integral, the transition functions cab obtained from these local trivializations
satisfy the cocycle condition cabcbccca = 1 on triple intersections V
a ∩ V b ∩ V c and
thus define transition functions for the line bundle, see appendix, [36]
Thus P descends to the the vortex moduli space.
The curvature form in the configuration space:
Let A unitary connection on the vortex line bundle, i.e. A is imaginary valued
and if we write A = A0,1+A1,0, we have A0,1 = −A1,0. On A0,1, w = A0,1. Let us
denote α = α0,1+α1,0 where α0,1 is tangential to A0,1 and α1,0 = −α1,0, so that α
is imaginary valued. Then let dw∧dw¯ be the usual Kahler form on the affine space
(where recall w = A0,1 is the holomorphic coordinate on the affine space A0,1).
We are considering the line bundle P = detD where D = ∂¯ + A(0,1). On the
affine space it has a non-vanishing section σ. The Quillen metric is e−
ζ′(0)
2 which
we modify which a factor e
i
4pi
∫
Σ
|Φ|2 .
We first compute the contribution to the curvature ΩQ of the bundle from the
term e−
ζ′(0)
2 . Let us name this Ω1Q.
Ω1Q = ∂¯∂log||σ||
2 = −∂¯∂ζ′(0) = −∂
2ζ′(0)
∂w¯∂w
dw¯ ∧ dw = ∂
2ζ′(0)
∂w∂w¯
dw ∧ dw¯
But ∂
2ζ′(0)
∂w¯∂w
= i2pi
∫
Σ
(δA0,1 ∧ δA0,1), by Quillen’s computation [31].
1) Let X = α0,11 and Y = α
0,1
2 . Since Ω1Q(
∂
∂ω¯
, ∂
∂ω
) = −∂
2ζ′(0)
∂w¯∂w
= − i2pi
∫
Σ(δA
0,1 ∧
δA0,1), we get Ω1Q(X,Y ) = −
∫
Σ
( ¯α0,11 ∧ α
0,1
2 ) =
i
2pi
∫
Σ
α1,01 ∧ α
0,1
2 where we use the
fact that α0,11 = −α
1,0
1 .
2) Let X˜ = α0,12 , Y˜ = α
0,1
1 . Then Ω1Q(X˜, Y˜ ) =
i
2pi
∫
Σ α
1,0
2 ∧ α
0,1
1 .
3) Then Ω1Q(α1, α2) = Ω1Q(−X + Y˜ , Y − X˜) = −Ω1Q(X,Y ) + Ω1Q(X˜, Y˜ ) =
− i2pi
∫
Σ
(α1,01 ∧ α
0,1
2 − α
1,0
2 ∧ α
0,1
1 ) = −
i
2pi
∫
Σ
α1 ∧ α2.
4) When the metric is modified bye
−i
4pi
∫
Σ
|Φ|2 , Ω2Q(β, η) = −
i
4pi
∫
Σ
(βη¯ − β¯η)ω,
and thus ΩQ = Ω1Q +Ω2Q.
Thus the form Ω((α1, β), (α2, η)) = (−
∫
Σ α1∧α2−
1
2
∫
Σ(βη¯− β¯η)ω) as in section
(3.1) which comes from the Samol’s metric is related to the curvature as ΩQ =
i
2piΩ.
One can show, by Kahler reduction that the form descends to the moduli space of
vortices and the cohomolgy class is [ Ω2pi ] = [ΩMN ] = (
A
2 −2piN)η+2pi(σ1+ . . .+σn),
where ΩMN is the Manton Nasir form and η and σi’s as in [30].
16 RUKMINI DEY*, SAIBAL GANGULI**
References
[1] C. Becker, On the Riemannian Geometry of Seiberg-Witten Moduli Spaces, J. Geom. Phys.
58 (2008) 1291-1309.
[2] J.-M. Bismut, H. Gillet and C. Soul, Analytic torsion and holomorphic determinant bundles.
I. Bott-Chern forms and analytic torsion, Comm. Math. Phys. 115 (1988), 49 78.
[3] S.B. Bradlow, Vortices in holomorphic line bundles over closed Khler manifolds, Commun.
Math. Phys. 135 (1990) 1 − 17.
[4] S.B. Bradlow, Special metrics and stability for holomorphic bundles with global sections, J.
Diff. Geom. 33 (1991) 169 − 214.
[5] J.M. Bismut, D.S. Freed: The analysis of elliptic families.I. Metrics and connections on
determinant bundles; Commun. Math. Phys, 106, 159-176 (1986).
[6] S. B. Bradlow, O. Garcia-Prada, Non-abelian monopoles and vortices. Geometry and physics
(Aarhus, 1995), 567589, Lecture Notes in Pure and Appl. Math., 184, Dekker, New York,
1997.
[7] I. Biswas: Realization of an equivariant holomorphic Hermitian line bundle as a Quillen
Determinant bundle. Proc. American Math. Soc. 143(7) 2014; arXiv:1404.0458
[8] I. Biswas and N. Raghavendra, The determinant bundle on the moduli space of stable triples
over a curve, Proc. Indian Acad. Sci. (Math. Sci.) 112(3) (2002) 367 − 382
[9] R. Dey, Geometric prequantization of the moduli space of the vortex equations on a Rie-
mann surface, Jour. of Math. Phys., vol. 47, issue 10, (2006), page 103501 − 103508;
math-phy/0605025
[10] R. Dey, Erratum: Geometric prequantization of the moduli space of the vortex equations on
a Riemann surface, Jour. of Math. Phys. 50, 119901 (2009)
[11] R. Dey, HyperKa¨hler prequantization of the Hitchin systems and Chern-Simons gauge theory
with complex gauge group; Adv. Theor. Math. Phys. 11 (2007) 819-837; math-phy/0605027
[12] R. Dey, Geometric Quantization of the Hitchin System, Int. J. Geom. Methods Mod. Phys.,
14, no. 4, 1750064 (2017)
[13] R. Dey and V. Mathai, Holomorphic Quillen determinant bundle on integral compact Ka¨hler
manifolds, Quart. J. Math. 64 (2013), 785 − 794, Quillen Memorial Issue; arXiv:1202.5213v3
[14] Dey, Rukmini; Paul, Samir K Quillen bundle and geometric prequantization of non-abelian
vortices on a Riemann surface. Proc. Indian Acad. Sci. Math. Sci. 121 (2011), no. 1, 2735
[15] S.K. Donaldson, The SeibergWitten equations and 4-manifold topology, Bull. Amer. Math.
Soc. 33 (1996) 45 − 70.
[16] S.K. Donaldson and P.B. Kronheimer, The Geometry of Four-Manifolds, Oxford Science
Publications, Clarendon Press, 1990
[17] R. Dey and V. Thakre, Generalized Seiberg-Witten equations on Riemann surface, J. Geom.
Symm. Phys. vol 45, 47-66, 2017.
[18] D. Eriksson and N. Romao, Ka¨hler quantization of vortex moduli space; arXiv:1612.08505
[19] O. Garcia-Prada, The Geometry of the Vortex Equation, D. Phil. Thesis, Oxford 1991.
[20] O. Garcia-Prada, Invariant connections and vortices, Commun. Math. Phys., 156 (1993) 527
546.
[21] O. Garcia-Prada, A direct existence proof for the vortex equations over a compact Riemann
surface, Bull. Lond. Math. Soc. 26 (1994) 88 96.
[22] O. Garcia-Prada, Monopoles and vortices on four-manifolds, Proceedings of the Les Houches
summer school on Quantum Symmetries 1995, Elsevier (Eds. A. Connes and K. Gawdzki).
[23] P. Griffiths and J. Harris, Principles of algebraic geometry. Pure and Applied Mathematics.
Wiley-Interscience [John Wiley & Sons], New York, 1978.
[24] N.J. Hitchin: The Self-duality equations on a Riemann surface, Proc. London Math. Soc.(3)
55,59-126, (1987).
[25] A. Jaffe and C. Taubes, Vortices and Monopoles, Progress in Physics 2, Boston, Birkhuser,
1980.
[26] S. Kobayashi, Differential geometry of complex vector bundles, Iwanami Shoten and Princeton
Universiy Press 1987.
[27] Liviu I. Nicolaescu , Notes on Seiberg-Witten theory. Graduate Studies in Mathematics, 28.
American Mathematical Society, Providence, RI, 2000.
[28] P.B. Kronheimer and T.S. Mrowka, The genus of embedded surfaces in the pro- jective plane,
Math. Res. Letts. 1 (1994) 797 808.
QUILLEN BUNDLES ON MODULI SPACES 17
[29] N. S. Manton, Five vortex equations J. Phys. A 50 (2017), no. 12, 125403, 16 pp
[30] Manton, N. S. and Nasir, S. M. Volume of vortex moduli spaces. Comm. Math. Phys. 199
(1999), no. 3, 591604
[31] D. Quillen, Determinants of Cauchy-Riemann operators on Riemann surfaces. (Russian)
Funktsional. Anal. i Prilozhen. 19 (1985), no. 1, 37 41, 96
[32] Ignasi Mundet i Riera, Yang-Mills-Higgs theory for symplectic fibrations. PhD thesis, Madrid,
Autonoma U., 1999.
[33] N. Romao, Private communication.
[34] T. M. Samols: Vortex Scattering. Commun. Math. Phy. 145, 149-179 (1992).
[35] C.H. Taubes, Arbitrary N-vortex solutions to the first order GinzburgLandau equations,
Commun. Math. Phys. 72 (1980) 277 292.
[36] N.M.J. Woodhouse, Geometric Quantization, Second Edition, Clarendon Press, Oxford, 1994.
[37] E. Witten, Monopoles and four-manifolds, Math. Res. Letts. 1 (1994) 769 − 796
* I.C.T.S.-T.I.F.R.,, Survey No. 151, Shivakote,, Hesaraghatta Hobli,, Bengaluru
North - 560 089, India., email: rukmini@icts.res.in, rukmini.dey@gmail.com
** I.C.T.S.-T.I.F.R.,, Survey No. 151, Shivakote,, Hesaraghatta Hobli,, Bengaluru
North - 560 089, India., email: saibalgan@gmail.com
